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Several researchers have analyzed pumps that employ induced-charge electro-osmosis �ICEO� using mainly
coplanar electrode array structures in a lateral electric field. We propose ICEO pumps that remove reverse
flows using asymmetrically stacked elliptical metal posts and numerically examine the pumping performance.
By the boundary element method along with double layer approximation, we find that the asymmetrical
stacking configuration efficiently suppresses the unwanted reverse flow and yields velocities of the order of a
few millimeters per second, and this configuration is compatible with that of an optimized half-coating pump.
Further, we propose a simple model for the stacking pump and predict that the velocity of such a stacking
pump with a thin limit is larger than 67% of that of a circular cylindrical half-coating pump of the same length.
Using this stacking pump, we can expect to significantly improve the pumping performance.
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In an ionic solution, metal is polarized and screened by
surrounding ions. Since an applied field E acts on its own
induced diffuse charge, the representative slip velocity Ub on
the metal surface is proportional to E2. This nonlinear phe-
nomenon is called induced-charge electro-osmosis �ICEO�
�1,2�. Recently, pumps that employ ICEO with broken sym-
metry were proposed, and they have attracted considerable
attention �3–7� because they have a large flow velocity
��mm /s� with a small voltage ��V� and can prevent the
occurrence of dc problems such as chemical reactions in an
electrolytic solution. These pumps are usually fabricated and
analyzed by considering planar structures �structures made
by a thin film process� because the fabrication of planar
structures is easier than that of high-aspect-ratio structures
�structures in which the ratio of the height to the width is
high�. However, by the development of process technologies
such as deep reactive ion etching, the fabrication of high-
aspect-ratio structures has also become a realistic option.

Bazant and Squires �1,2� proposed the following high-
aspect-ratio pumps using asymmetrical ICEO flow around
metal posts: �1� a half-coating metal pump, �2� an irregular-
shaped metal pump, and �3� an asymmetrical-channel pump.
Further, motivated by these studies, Bazant et al. �3,4� sig-
nificantly improved pumping velocity by using three-
dimensional �3D� stepped electrodes for suppressing reverse
flow. However, thus far, no attempts have been made for
removing reverse flow by using asymmetrically stacked
structures. In fact, the suppression of reverse flow occurs
when ellipse metal posts are very near. In this paper, we
focus on an ICEO pump that uses asymmetrical stacking as
the origin for the suppression of the reverse flow, and we
elucidate its design concept.

Figure 1 shows the schematic view of the hierarchically
stacked asymmetrical ICEO pump considered in this study.
As shown in Fig. 1, we place two second-generation ellipses
with half lengths b to the left of a first-generation ellipse of
length 2b in order to suppress the reverse flow of the first-

generation ellipse. Similarly, we can suppress the reverse
flow of the second-generation ellipse by placing two third-
generation ellipses of lengths b /2 to the left of the second-
generation ellipse. By repeating this procedure, we can ob-
tain a hierarchically stacked asymmetrical structure. A pump
that includes ellipses from first-generation ellipses to
Nth-generation ellipses is termed an Nth-generation pump. In
the above explanation, we consider a type-A stacking pump
that suppresses the reverse flows of both sides of the first-
generation ellipse; however, it is possible to consider other
types of pumps �type B and type C, shown in Fig. 2� that
suppress the reverse flow of one side of the first-generation
ellipse by the wall of a channel, while the reverse flow of the
other side is suppressed by the hierarchically stacked asym-
metrical structure.

By considering the hierarchically stacked asymmetrical
structure as the origin of the suppression of the reverse flow,
we estimate the average flow velocity Up of the pump as
follows:
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FIG. 1. Schematic view of hierarchically stacked asymmetrical
ICEO pump. �1� Pair of electrodes. Here, �=�=� /2 rad, length L
=2.25w, width w=100 �m, and V0=2.38 V is applied to the elec-
trodes. The ellipse has two semiaxes �b ,c� with unit vectors �e1 ,e2�
that define the orientation of each semiaxis.
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where the first term �Up
forward� describes the forward pump-

ing, the second term �Up
reverse� describes the reverse pumping

that is a function of a gap � �=d−2c�, vs
max is the maximum

slip velocity of an ellipse, �0 is the intrinsic efficiency of a
half-coating pump, �k ���w−K� /w� and �k1

���w−K1� /w�
are the effect of narrowing of the channel, K and K1 are the
width of objects obstructing fluid flow �K=2c�2N−1�
+2��N−1�, 2cN+��N−1�, 4cN+2��N−1�, K1=2c, 2c+�,
4c+2�, �k=1.9, 0.7, and 0.7 for type-A, -B, and -C pumps,
respectively�, and �n is the effect of the number of the ellip-
tical metal posts ��n=1 for type-A and -C pumps; �n=0.5 for
type-B pump�. It should be noted that

Up0 � �k1

0.7�0vs
max �2�

is the average flow velocity of the half-coating pump corre-
sponding to the first-generation ellipse.

We consider a two-dimensional �2D� quasistatic Stokes
flow without Brownian movement; that is, we consider the

limit in which the Reynolds number Re tends to zero and the
Peclet number is infinite. We assume the ellipse posts to be
polarizable in an electrolytic solution under a dc or ac elec-
tric field. The motion of the surrounding fluid must satisfy
the Stokes equations modified by the inclusion of an electri-
cal stress. However, using a matched asymptotic expansion
�8�, we can reduce them to the classical Stokes equations as
follows:

��2v − �p = 0, � · v = 0, �3�

on metal �E � 0�: v = vs, �4�

vs =
1

2
Ub�	 + 1�2qb

−1 sin 2�� + 
 + ��t , �5�

where qb=�cos2 
+	2sin2 
, Ub �=�bE0
2 /�� is the represen-

tative velocity, 	=c /b, x �=−b sin 
e1+c cos 
e2� is the sur-
face position of metals parametrized by 
, t=−qb

−1�cos 
e1
+	 sin 
e2� is the tangential unit vector of the surface posi-
tion, electric field E=cos �j+sin �i, e2=cos �j−sin �i, e1
=sin �j+cos �i, where i and j are orthogonal unit vectors of
the Cartesian coordinate system, � ��1 mPa·s� is the vis-
cosity, v is the velocity, vs is the slip velocity, p is the pres-
sure, � ��80�0� is the dielectric permittivity of the solvent
�typically water�, and �0 is the vacuum permittivity. It should
be noted that the maximum absolute value of vs is

vs
max = Ub�	 + 1�2 sin 
0/�1 + 	 �6�

at 
0=tan−1�1 /	 when �=�=� /2. We calculate the flow
fields of the ICEO pump by the boundary element method
using Eqs. �3� and �4�. In particular, to obtain a precise flow
field near the wall and the metal surfaces, we use analytical
integration to obtain the elements of the matrix of the bound-
ary element method �50 to 72 elements for each ellipse�. It is
noteworthy that the Gauss integration produces a large error
when ellipses are very near.

Figure 2 shows the flow field for the stacking pump when
b /w=0.4, c /w=0.025, Ub=16 mm /s �E0=23.8 kV /m�,
d /w=0.06, and � /w=0.01. On the one hand, for the first-
generation pump shown in Fig. 2�a�, we observe a symmetri-
cal quadrupolar electro-osmotic flow around an ellipse post,
and the net flow is zero because the forward flow of the
left-hand part of the ellipse cancels the reverse flow of its
right-hand part. On the other hand, the type-A, -B, and-C
stacking pumps �whose flow fields are shown in Figs.
2�a�–2�c�, respectively� function efficiently, i.e., the reverse
flow is suppressed by the hierarchically stacked asymmetri-
cal alignment of the ellipses, probably because the amount of
the reverse pumping is limited in the level of 0.4vs

max�. Fur-
ther, the forward flow is stimulated by the increase of the
surface of the forward slip velocity.

Figure 3 shows the performance of the asymmetrical
stacking pump. As shown in Fig. 3�a�, the suppression of the
flow diminishes as the gap increases. Further, as predicted in
Eq. �1�, the reverse flow is considerably suppressed at the
small gap �� /w=0.01�. Here, Up is almost a straight line at
least for � /w�0.1 without depending on the value of c /w.
The ultimate reason for having this behavior is that the re-
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FIG. 2. Flow field of stacking pump without coatings. �a�
Type-A pump �N=1, Up=0 mm /s�. �b� Type-A pump �N=3, Up

=1.31 mm /s�. �c� Type-B pump �N=3, Up=0.97 mm /s�. �d�
Type-C pump �N=3, Up=1.52 mm /s�. Here, Ub=16 mm /s, E0

=23.8 kV /m, d /w=0.06, � /w=0.01, and c /w=0.025, where �=d
−2c. In the calculation, we used 50 to 72 elements for each ellipse.
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verse pumping is just proportional to � /w because the
amount of reverse flow is limited by the narrowest gap �
without depending on the curvature of elliptical posts. Fur-
ther, a kind of adjustment mechanism works for the changes
of the gradient dUp /d�� /w� when c /w changes as predicted
in Eq. �1�. That is, as c /w increases from 0.025 to 0.1,
dUp

forward /d�� /w� changes from −6 to −3 mm /s, whereas
dUp

reverse /d�� /w� increases from 7 to 8 mm /s. Thus.
�dUp

inverse /d�� /w�� becomes approximately constant
��12 mm /s� without depending on the value of c /w. Here,
we set �0=0.12, and Up is calculated on the boundary of the
inlet �y=0 and 0�x�w�. Thus, we believe that the suppres-
sion of the reverse flow in the stacking pump occurs because
a small gap limits the amount of the reverse pumping. Al-
though the reverse flow is not completely suppressed for
finite �, a small gap that keeps unwanted slip velocities is
intrinsically required to suppress the reverse flow. If there is
no gap, the reverse flow in the x direction remains on the
left-hand part of the pump, and it degrades the performance
of the pump. Figures 3�b� and 3�c� show the dependence of
the Up values of the type-A, -B, and -C pumps on N. We
compare the numerical results with theoretical results ob-
tained using the simple model expressed in Eq. �1�. Although
these results are not in complete agreement with each other,
both show that the effect of flow resistance is dominant. If
we neglect the narrowing of the channel, Up increases mo-
notonously as N increases. However, in reality, Up attains the
maximum value at an optimum N in a real channel because
flow resistance also increases. When N=3, b /w=0.4, and
c /w=0.025, the maximum Up=1.31, 0.97, and 1.52 mm /s
for type-A, -B, and-C pumps, respectively. Note that a tri-
angle metal post pump which shape and size are similar to a
third-generation stacking pump changes the direction of re-
verse flow and shows the pumping performance �Up
=0.11 mm /s� as shown in Fig. 3�d�. However, the triangle
metal pump cannot suppress the reverse flow considerably.

Here, wh �=2c�2N−1�+2��N−1�=0.29w� and
Lh �=2b=0.8w� are the base length and the height of the
triangle. Thus, the stacking pump is conceptually different
from the irregular-shaped metal pump.

Figure 4 shows the performance of the half-coating pump.
Figure 4�a� shows the flow of the optimum single half-
coating pump at c /w=0.15 when b /w=0.4. Figure 4�b�
shows the dependence of Up on c. For this case, we compare
the numerical results with the theoretical results obtained by
the simple model expressed in Eq. �2�. Here, K1=2c. Al-
though these results are not in complete agreement, both
show that the effect of flow resistance is dominant. In a real
channel, the pumping performance is the optimum at an op-
timum c because flow resistance also increases. As observed
in Fig. 4�b�, the maximum performances of the half-coating
pump are Up=2.13, 1.72, and 1.34 mm /s at c /w=0.15, 0.2,
and 0.25 under the conditions b /w=0.4, 0.3, and 0.2, respec-
tively, when we apply V0=2.38 V to a channel with a width
w=100 �m. Therefore, the performances of the type-C, -A,
and -B stacking pumps are evaluated to be approximately 71,
61, and 46%, respectively, of the performance of the opti-
mum half-coating pump. Figure 4�c� shows the flow of the
optimum multiple half-coating pump when N=2, c /w
=0.025, and b /w=0.4. Figure 4�d� shows the dependence of
Up on the number N of multiple half-coating pumps under
the condition c /w=0.025. Here, the distance between the
ellipses is w / �N+1�. If we neglect the flow resistance, Up
increases as N increases. However, because of the flow re-
sistance, Up has the maximum value in a real channel; the
maximum values of Up are 2.44, 1.72, and 1.34 mm /s at N
=2, 2, and 3 when b /w=0.4, 0.3, and 0.2, respectively. Simi-
larly, lateral arrangements also face a flow resistance prob-
lem because of the potentially large width of an ellipse.

The performance of hierarchically stacked asymmetrical
pumps �46–71%� is good because they can be fabricated
without coating. Further, from Eqs. �1� and �6� we can esti-
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FIG. 3. Performance of asym-
metrical stacking pump �E0

=23.8 kV /m, �0=0.12�. The lines
show the analytical results ob-
tained by Eq. �1�. The symbols
show the numerical results ob-
tained by the boundary element
method. �a� Up vs � for type-A
pump at N=2. At � /w=0.01, the
reverse flow is suppressed consid-
erably. �b� Up vs N for type-A
pump. The maximum perfor-
mance is 1.31 mm /s at N=3 when
c /w=0.025 and b /w=0.4. �c� Up

vs N for type-B and type-C
pumps. The maximum perfor-
mances are 1.52 and 1.97 mm /s
for type-C and type-B pumps, re-
spectively, when N=3, b /w=0.4,
and c /w=0.025. �d� Flow field of
triangle metal post pump. Here,
wh /w=0.29, Lb /w=0.8, and Up

=0.11 mm /s.
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mate Up�1.33Ub�0 for type-A and -C pumps in the limits
c→0 and N→, whereas Up0�2Ub�0�k1

0.7 for the half-
coating pump at c /b=1. Because �k1

0.7�1, the velocity of the
stacking pump with a thin limit with infinite N is larger than
67% of that of the half-coating pump of the circular cylinder
of the same length 2b. Obviously, we can place such thin
pumps in a channel with high density, large slip velocity, and
small flow resistance. Further, such thin limit pumps with
asymmetrically stacked metal posts can be used for planar
structures, though an insulator may be required. Therefore,
the stacking pump can dramatically improve the pumping
performance in terms of flow rate, applied voltage, and ap-
plied electric field.

In conclusion, we have proposed ICEO pumps that em-
ploy asymmetrically stacked structures to suppress the re-
verse flow and examined the pumping performance by the

boundary element method in conjunction with the double
layer approximation and a simple model. The following are
the conclusions of the numerical calculations. �1� The asym-
metrical stacking configuration efficiently suppresses the re-
verse flow and yields �mm /s velocity, which is 46–71% of
the performance of an optimum half-coating pump. �2� The
velocity of the stacking pump with a thin limit with infinite N
is larger than 67% of that of the half-coating pump of the
circular cylinder of the same length. The use of this stacking
pump is expected to dramatically improve the pumping per-
formance in terms of flow rate, applied voltage, and applied
electric field. In the future, we intend to evaluate other stack-
ing structures for suppressing reverse flow.

I am grateful to Professor E. Darve for the helpful discus-
sions on the mathematical details of the calculation.
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FIG. 4. Performance of half-coating pump �E0=23.8 kV /m, �0=0.12�. �a� Flow of optimum single half-coating pump. Here, c /w
=0.15, b /w=0.4, and Ub=16 m /s. �b� Up vs c for the single half-coating pump. The Up value is the maximum �2.13 mm /s� at c /w
=0.15 when b /w=0.4. �c� Flow of optimum multiple half-coating pump. Here, N=2, b /w=0.4, and c /w=0.025. �d� Up vs N for multiple
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